In this paper, sufficient conditions are given to investigate the existence of mild solutions on a semi-infinite interval for first order semi linear impulsive neutral functional differential evolution inclusions with infinite delay using a recently developed nonlinear alternative for contractive multivalued maps in Frechet spaces due to Frigon combined with semigroup theory. The existence result has been proved without assumption of compactness of the semigroup. We introduced a new phase space for impulsive system with infinite delay and claim that the phase space considered by different authors are not correct.
Introduction
In recent years, impulsive differential and partial differential equations have become more important in some mathematical models of real phenomena, especially in control, biological and medical domains. In these models, the investigated simulating processes and phenomena usually are subject to short-term perturbations whose duration is negligible in comparison with the duration of the process. Consequently, it is natural to assume that these perturbations act instantaneously in the form of impulses. The theory of impulsive differential equations has seen considerable development, see the monographs of Bainov and Semeonov [1] , Lakshimikantham [2] and Perestyuk [3] . Recently, several works reported existence results for mild solutions for impulsive neutral functional differential equations or inclusions, such as ( [4] [5] [6] [7] [8] [9] [10] [11] ) and references therein. However, the results obtained there are only in connection with finite delay. Since many systems arising from realistic models heavily depend on histories (i.e., there is an effect of infinite delay on state equations), there is a real need to discuss partial functional differential systems with infinite delay, where numerous properties of their solutions are studied and detailed bibliographies are given. The literature related to first and second order nonlinear non autonomous neutral impulsive systems with or without state dependent delay is not vast. To the best of our knowledge, this is almost an untreated article in a literature and is one of the main motivations of this paper.
Preliminaries
In this paper, we shall consider the existence of mild solutions for first order impulsive partial neutral functional evolution differential inclusions with infinite delay in a Banach space E d dt y(t) − g(t, y t ) ∈ A(t)y(t) + F(t, y t ) (1) t ∈ J = [0, +∞), t = t k , k = 1, 2, . . .
where F : J × B h → P (E) is a multivalued map with nonempty compact values, P (E) is the family of all subsets of E, g : J × B h → E and I k : E → E, k = 1, 2, . . . are given functions, φ ∈ B h are given functions and {A(t)} 0≤t<+∞ is a family of linear closed (not necessarily bounded) operators from E into E that generate an evolution system of operators {U(t, s)} (t,s)∈J×J for 0 ≤ s ≤ t < +∞.
) represent right and left limits of y(t) at t = t k respectively. For any continuous function y and any t ≥ 0, we denote by y t the element of B h defined by y t (θ) = y(t + θ) for θ ∈ (−∞, 0]. We assume that the histories y t belongs to some abstract phase space B h to be specified below.
We present the abstract phase space B h . Assume that h : (−∞, 0) → (0, ∞) be a continuous function with l = Here, B h endowed with the norm
Then, it is easy to show that (B h , . B h ) is a Banach space. Lemma 1. Suppose y ∈ B h ; then, for each t ∈ J, y t ∈ B h . Moreover,
Proof. For any t ∈ [0, a], it is easy to see that, y t is bounded and measurable on [−a, 0] for a > 0, and [s,0] |y t (θ)|ds [s,0] |y(t + θ)|ds
|y(θ 1 )|ds
Since φ ∈ B h , then y t ∈ B h . Moreover,
The proof is complete.
Next, we introduce definitions, notation and preliminary facts from multi-valued analysis, which are useful for the development of this paper (see [28] 
Let X be a Frechet space with a family of semi-norms { · n } n∈N . Let Y ⊂ X, we say that Y is bounded if for every n ∈ N, there existsM n > 0 such that y n ≤M n for all y ∈ Y To X we associate a sequence of Banach spaces {(X n , · n )} as follows: for every n ∈ N, we consider the equivalence relation ∼ n defined by :x ∼ n y if and only if x − y n = 0 for all x, y ∈ X. We denote X n = (X| ∼ n , · n ) the quotient space, the completion of X n with respect to · n . To every Y ⊂ X, we associate a sequence the {Y n } of subsets Y n ⊂ X n as follows: for every x ∈ X, we denote [x] n the equivalence class of x of subset X n and we define Y n = {[x] n : x ∈ Y}. We denote Y n , int(Y n ) and ∂ n Y n , respectively, the closure, the interior, and the boundary of Y n with respect to · in X n . We assume that the family of semi-norms { · n } verifies:
) be a metric space. We use the following notations: P cl (X) := {Y ∈ P (X) : Yclosed}, P b (X) := {Y ∈ P (X) : Ybounded} P cv (X) := {Y ∈ P (X) : Yconvex}, P cp (X) := {Y ∈ P (X) : Ycompact}.
Consider
is a generalized (complete) metric space (see [29] ).
Definition 1.
We say that a family {A(t)} t≥0 generates a unique linear evolution system {U(t, s)} (t,s)∈∆ for ∆ 1 = {(t, s) ∈ J × J : 0 ≤ s ≤ t < +∞} satisfying the following properties:
(1) U(t, t) = I where I is the identity operator in E,
U(t, s) ∈ B(E) the space of bounded linear operators on E, where for every (t, s) ∈ ∆ 1 and for each y ∈ E, the mapping (t, s) → U(t, s)y is continuous.
More details on evolution systems and their properties could be found in the books of Ahmed [30] , Engel and Nagel [31] , and Pazy [32] .
Definition 2.
A multivalued map G : J → P cl (X) is said to be measurable if for each x ∈ E, the function Y : J → X defined by
is measurable where d is the metric induced by the normed Banach space X.
loc -Caratheodory multivalued map if it satisfies: (i) x → F(t, y) is continuous(with respect to the metric H d ) for almost all t ∈ J; (ii) t → F(t, y) is measurable for each y ∈ B h ; (iii) for every positive constant k there exists h k ∈ L 1 loc (J; R + ) such that
We say that G is bounded on bounded sets if G(B) is bounded in X for each bounded set B of X, i.e., sup x∈B {sup{ y : y ∈ G(x)}} < ∞ Finally, we say that G has fixed point if there exists x ∈ X such that x ∈ G(x). For each y ∈ B * , let the set S F,y known as the set of selectors from F defined by
For more details on multivalued maps, we refer to the books of Aubin and Cellina [33] and Deimling [34] , Gorniewicz [35] , Hu and Papageorgiou [36] , and Tolstonogov [37] .
Definition 4.
A multivalued map F : X → P (X) is called an admissible contraction with constant {k n } n∈N if for each n ∈ N there exists k n ∈ (0, 1) such that
(ii) For every x ∈ X and every ∈ (0, ∞) n , there exists y ∈ F(x) such that x − y n ≤ x − F(x) n + n for every n ∈ N The following nonlinear alternative will be used to prove our main results. Theorem 2.1 (Nonlinear Alternative of Frigon, [38, 39] ). Let X be a Frechet space and U an open neighborhood of the origin in X and let N :Ū → P (X) be an admissible multivalued contraction. Assume that N is bounded. Then, one of the following statements holds: (C1) N has a fixed point; (C2) There exists λ ∈ [0, 1) and x ∈ ∂U such that x ∈ λN(x).
Existence Results
We consider the space
Let · k be the semi-norm in B k defined by
To prove our existence results for the impulsive neutral functional differential evolution problem with infinite delay (1) − (3). Firstly, we define the mild solution.
Definition 5.
We say that the function y(·) : (−∞, +∞) → E is a mild solution of the evolution system
. . and the restriction of y(·) to the interval J is continuous and there exists f (·) ∈ L 1 (J; E) : f (t) ∈ F(t, y t ) a.e in J such that y satisfies the following integral equation:
We need to introduce the following hypotheses, which are assumed hereafter: (H1) There exists a constant M 1 ≥ 1 such that
loc -Caratheodory with compact and convex values for each u ∈ B h and there exist a function p ∈ L 1 loc (J, R + ) and a continuous nondecreasing function
(H4) There exists a constant M 0 > 0 such that
(H7) There exists a positive constant c k , k = 1, 2, . . . such that
For every n ∈ N, let us take herel n (t) = M 1 K n L * + l n (t) for the family of semi-norm { · n } n∈N . In what follows, we fix τ > 1 and assume
Theorem 3.1 Suppose that hypotheses (H1)-(H8) are satisfied. Moreover
Then, the impulsive neutral evolution problem (1) − (3) has a mild solution.
Proof. We transform the Problem (1) − (3) into a fixed point problem. Consider an operator N : B * → B * defined by
where f ∈ S F,y = {v ∈ L 1 (J, E) : v(t) ∈ F(t, y t ) for a.e t ∈ J}. Clearly, the fixed points of the operator N are mild solutions of the Problem (1) − (3). We remark also that, for each y ∈ B * , the set S F,y is nonempty since F has a measurable selection by (H2) (see [40] , Theorem III.6).
For φ ∈ B h , we will define the function x(·) : (−∞, +∞) → E by
. We can decompose y into y(t) = z(t) + x(t). Let B k * = {z ∈ B k : z 0 = 0}. Then, for any z ∈ B k * , we have
is a Banach space, if we set C 1 = {z ∈ B * ; z 0 = 0} with the Bielecki-norm on B k * defined by
where L * n (t) = t 0l n (s)ds,l n (t) = M 1 K n l n (t) and τ > 0 is a constant. Then C 1 is a Frechet space with family of seminorms · B k * . It is obvious that y satisfies (4) if and only if z satisfies z 0 = 0 and
where f (t) ∈ F(t, z t + x t ) a.e t ∈ J.
Let us define a multivalued operator F :
where f ∈ S F,z = {v ∈ L 1 (J, E) : v(t) ∈ F(t, z t + x t ) for a.e t ∈ J}. Obviously, the operator inclusion N has a fixed point is equivalent to the operator inclusion F has one, so it turns to prove that F has a fixed point. Let z ∈ B k * be a possible fixed point of the operator F . Given n ∈ N, then z should be solution of the inclusion z ∈ λF (z) for some λ ∈ (0, 1) and there exists f ∈ S F,z ⇔ f (t) ∈ F(t, z t + x t ) such that, for each t ∈ [0, n], we have
then we have
Using the inequality Equation (6) and the nondecreasing character of ψ, we obtain,
We consider the function µ defined by
By the previous inequality, we have
Let us take the right-hand side of the above inequality as v(t). Then, we have µ(t) ≤ v(t) for all t ∈ [0, n]. From the definition of v, we have v(0) = δ n and
Using the nondecreasing character of ψ, we get
This implies that for each t ∈ [0, n]and using the condition (5), we get
Thus, for every t ∈ [0, n], there exists a constant Λ n such that v(t) ≤ Λ n and hence µ(t) ≤ Λ n . Since
Clearly, Ω is an open subset of B k * . We shall show that F :Ω → P (B k * ) is a contraction and an admissible operator. First, we prove that F is a contraction. Let z,z ∈ B k * and h ∈ F (z). Then, there exists f (t) ∈ F(t, z t + x t ) such that for each t ∈ [0, n],
Hence, there is ρ ∈ F(t,z t + x t ) such that
Consider Ω * : [0, n] → P (E), given by
Since the multivalued operator V (t) = Ω * (t) F(t,z t + x t ) is measurable (in [40] , see proposition III, 4), there exists a functionf (t), which is a measurable selection for V. Thus,f (t) ∈ F(t,z t + x t ) and using (A1), we obtain for each t ∈ [0, n]
Then, for each t ∈ [0, n] and n ∈ N and using (H1) and (H3)-(H6) and (H8), we get
Using (A1) and (7), we obtain
By an analogous relation, obtained by interchanging the roles of z andz, it follows that
Thus, the operator F is a contraction for all n ∈ N. Now, we shall show that F is an admissible operator. Let z ∈ B k * . Set, for every n ∈ N, the space,
and let us consider the multivalued operator F : B k * * → P cl (B k * * ) defined by
where f ∈ S n F,y = {v ∈ L 1 ([0, n], E) : v(t) ∈ F(t, y t ) for a.e t ∈ [0, n]}. From (H1) to (H7), and since F is multivalued map with compact values, we can prove that for every z ∈ B k * * , F (z) ∈ P cl (B k * * ) and there exists z * ∈ B k * * such that z * ∈ F (z * ). Let h ∈ B k * * ,ȳ ∈μ and > 0. Assume that z * ∈ F (z), then we have
Since h is arbitrary, we may suppose that
Then, we have
+ . Therefore, F is an admissible operator contraction. From the choice of Ω, there is no z ∈ ∂Ω such that z = λF (z) for some λ ∈ (0, 1). Then, the statement (C2) in Theorem (2.1) does not hold. This implies that the operator F has a fixed point z * . Then y * (t) = z * (t) + x(t), t ∈ (−∞, +∞) is a fixed point of the operator N, which is a mild solution of the Problem (1) − (3). Hence the proof.
Example
As an application of Theorem (3.1), we study the following impulsive neutral differential system:
where a(t, ξ) is a continuous function and is uniformly Holder continuous in t; T, P : (−∞ Then, A(t) generates an evolution system U(t, s) satisfying assumption (H1)(see [41] ). We can define respectively that g(t, φ)(ξ) = By the dominated convergence theorem, one can show that f ∈ S F,y is a continuous function from B h to E. Moreover, the mapping g is Lipschitz continuous in its argument. In fact, we have
On the other hand, we have for φ ∈ B h and ξ ∈ [0, π]
Since the function ξ is nondecreasing, it follows that
Proposition: Under the above assumptions, if we assume that condition (5) in Theorem (3.1) is true, φ ∈ B h , then the System (8) has a mild solution which is defined in (−∞, +∞).
Conclusions
In this manuscript, we have proved the existence result of first order impulsive neutral evolution inclusion with infinite delay in Frechet spaces. Here, we defined a new notion of phase space and proved the result without compactness of an evolution operator, using a recently developed nonlinear alternative for contractive multivalued maps due to Frigon. The same result can be generalized for controllability of an impulsive neutral evolution inclusion with infinite delay of the form [19, 21] d dt y(t) − g(t, y t ) ∈ A(t)y(t) + Bu(t) + F(t, y t ) t ∈ J = [0, +∞), t = t k , k = 1, 2, . . .
